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ABSTRACT: Relaxation dynamics of entangled polymer liquids are investigated in nonlinear step shear
flow using mechanical rheometry experiments and theory. Entangled solutions of high molar mass
polystyrenes (PS), 3 × 105 e φMh w e 1.6 × 106 g/mol, in diethyl phthalate (DEP) are the main focus of this
study. Cone-and-plate rheometer fixtures roughened by attachment of a single layer of 10-30 µm silica
glass beads are used to eliminate interfacial slip during step shear measurements. A simple theory for
stress relaxation dynamics that accounts for coupled relaxation of molecular orientation, chain stretching,
and entanglement density is used to analyze the experimental results. In PS/DEP solutions with φMh w g
5 × 105 and in which PS forms an average of eight or more entanglements per chain, we find that the
nonlinear relaxation modulus can be factorized into separate strain-dependent and time-dependent
functions only after a time λk2 ≈ τd0 ∼ (φMh w)3 substantially larger than the longest Rouse relaxation time
τRouse of the solution. This finding is consistent with results from a previous study of step shear dynamics
in solutions of ultrahigh molecular weight polystyrene, Mh w ) 2.06 × 107 [Sanchez-Reyes, J.; Archer, L.
A. Macromolecules 2002, 35, 5194], but contradicts expectations from current theories for entangled
polymer dynamics, which predict λk2 ≈ (3 - 5)τRouse. The origin of this discrepancy is traced to a greater
than expected influence of entanglement loss and recovery processes on polymer relaxation dynamics in
nonlinear step shear flow.

1. Introduction

Shear fields can cause polymer molecules in entangled
solutions to orient, stretch, and disentangle from their
neighbors. After the field is removed, thermal and
elastic forces cause molecules to relax to recover their
equilibrium orientation, length, and entanglement struc-
ture. The time scale on which each of these relaxation
processes occurs need not be the same. Relaxation of
macroscopic properties such as shear stress will, there-
fore, generally involve complex superposition of many
molecular-scale dynamic processes. To develop quanti-
tative molecular theories for stress relaxation in en-
tangled polymer liquids, each of these processes must
be understood and their contributions to the stress
determined. Pioneering works by deGennes1 and by Doi
and Edwards,2 for example, have resolved the processes
by which entangled molecules relax orientation follow-
ing cessation of shear. Theories for polymer contour
length relaxation dynamics2-4 and for field-induced
changes in polymer entanglement structure4 are not as
well developed.

Step shear experiments provide a valuable tool for
investigating stress relaxation dynamics in polymers.
In a step shear deformation, a material is subjected to
time-dependent shear strain γ(t) ) γH(t). The resulting
time-dependent shear stress σ(t,γ) developed in the
material is measured and used to determine its non-
linear shear relaxation modulus G(t,γ) ) σ(t,γ)/γ. In
most practical situations H(t) is not a true Heaviside
function, but approaches one on time scales of order 10-
100 ms after commencing the step. G(t,γ) therefore
provides information about all but the fastest relaxation
processes in the material and about how these processes
are affected by strain amplitude γ. In nearly monodis-
perse entangled linear polymers, two relaxation pro-
cesses predominate-a fast process (thought to arise
from relaxation of molecular stretching) and a slow
process (reflecting relaxation of molecular orienta-
tion).2,5 Faster processes associated with equilibration

of the surrounding polymer network structure and of
uneven deformation along polymer chains are believed
to occur on time scales that are beyond the reach of most
step shear experiments. In many molecular theories the
fast chain stretch relaxation and slow molecular reori-
entation processes are assumed to be completely de-
coupled; however, some theories do anticipate coupling
of these processes.4

Step shear experiments on entangled polymer solu-
tions have long been recognized as important for resolv-
ing the molecular mechanisms for polymer length
relaxation.2,5-8 These experiments are limited, however,
by the possibility of significant levels of interfacial slip.9
The most plausible mechanisms for interfacial slip in
polymers suggest that slip is itself time-dependent and
that the magnitude of interfacial slip is generally a
nonlinear function of shear stress. Thus, wall slip errors
affect the magnitude and time dependence of G(t,γ) in
very different ways, preventing simple slip correction
procedures after the fact (e.g., step shear measurements
using parallel plate fixtures with variable gaps can be
used to quantify then correct slip errors). Recently,
Sanchez-Reyes and Archer proposed a simple method
for reducing errors due to wall slip in step shear
deformations.10 In this procedure, a single layer of
micro- or nanosized silica spheres is grafted to cone-
and-plate mechanical fixtures used to generate shear.
Using this procedure, the authors investigated relax-
ation dynamics of entangled solutions of an ultrahigh
molar mass polystyrene (Mh w ) 20.06 × 106 g/mol, Mh n )
1.672 × 106 g/mol, PS20M) in diethyl phthalate (DEP).10

The entanglement density N/Ne(φ) of PS20M was varied
from 4 to 37 by changing the polymer volume fraction
φ in solution. Step shear measurements for the high and
intermediate solution concentrations were performed
using cone-and-plate fixtures with a variety of cone
angles 1° e R e 5° to evaluate the effect of interfacial
slip on material response. The authors reported two
dominant relaxation processes in these systems. The
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first, fast relaxation process was characterized by a time
constant λk1 ) (16.5 ( 4.7)τRouse, which increased with
solution concentration as λk1 ∼ φ0.7. The time constant
for the second process λk2 ∝ τd0 also increased with
solution concentration λk2 ∼ φ3.2.

Significantly, Sanchez-Reyes and Archer found that
while the fast relaxation process is dominated by
relaxation of polymer chain stretching, the second
process includes both stretch and orientation relaxation
contributions. The authors also found that while the
apparent shear damping function h(γ,t) ≡ G(t,γ)/
G(γf0,t) approaches the universal damping function
hDE-IA(γ) predicted by the Doi-Edwards theory2 on time
scales of order λk1, the nonlinear relaxation modulus
G(t,γ) could only be factorized into separate time-
dependent G(t) and strain-dependent h(γ) functions
after a time of order λk2, which is generally larger than
λk1. On time scales intermediate between λk1 and λk2,
G(t,γ)h-1(γ) manifests complicated strain-dependent
behavior and h(γ,t) displays a small, but well-defined,
local minimum.10 A more in-depth study, focusing
particularly on of the latter two results, should shed
light on the molecular processes that couple chain
stretching and orientation relaxation processes in en-
tangled polymer liquids.

2. Experiment
2.1. Materials. Several narrow molecular weigh distribu-

tion, high molar mass polystyrenes 20.06 × 106 e Mh w e 1.8 ×
106 g/mol were purchased from Tosoh Corp., Japan, and
Aldrich. Entangled solutions of each polymer in diethyl ph-
thalate (DEP, [Aldrich]) were formulated using dichlo-
romethane (methylene chloride, [Aldrich]) as cosolvent. Solu-
tions required extremely long periods for solvent evaporation,
3-4 months at room temperature, to completely remove all
traces of the cosolvent without introducing concentration
inhomogeneties and air bubbles. The volume fraction of
polymer and the respective entanglement densities N/Ne )
Mh wφ1.3/Meo for each solution is provided in Table 1. Here Meo

≈ 18 000 g/mol is the molar mass of polystyrene segments
between entanglement points.

2.2. Viscoelastic Characterization. Linear viscoelastic
properties of all PS/DEP solutions were characterized by small-
amplitude oscillatory shear measurements using a Paar
Physica modular compact (MCR 300) rheometer over a wide
temperature range, -40 °C e T e 28.5 °C. Measurements were
performed using 50, 15, and 6 mm diameter parallel plate
fixtures, and temperature regulation was achieved using liquid
nitrogen. To simultaneously maximize signal-to-noise and
minimize measurement errors due to frame and transducer
compliance, the largest plate diameters were used to measure
storage G′(ω) and loss moduli G′′(ω) at high temperatures and
low frequencies, and the smallest fixtures were used for low-
temperature and high-frequency experiments. Time-temper-
ature superposition was used to generate master curves at 28.5
°C spanning nearly 13 decades of frequency. Results for two
materials PS8.4M6% and PS3.8M8% are provided in Figures
1a and 2a, respectively.

Terminal viscoelastic properties were obtained from the
master curves using the following standard relations, η0 )
limωf0(G′′(ω)/ω) and τd0 ) Je

0η0,11 and the plateau modulus GN

was estimated as the storage modulus value at the loss
minimum in the rubbery plateau regime. Results for all
polymers studied are provided in Table 1. Figures 1b and 2b

were obtained by subtracting multimode Maxwell model fits
of the high-frequency data in Figures 1a and 2a from the
respective storage and loss moduli data. This procedure
removes segmental and solvent contributions from the mea-
sured storage and loss moduli. The success of the approach
can be easily appreciated from the nearly exact Rouse fre-
quency scalings of G′(ω) and G′′(ω) in the dynamic regime
preceding the onset of the rubbery plateau. Entanglement
Rouse relaxation times τe were obtained from the intersection
of the Rouse regime and the rubbery plateau for each solution.
Longest Rouse relaxation times τRouse were determined by
fitting the high-frequency storage moduli (Figures 1b and 2b)
with the Rouse result for polystyrene solutions G′(ω) )
(1.11cRT/M)(τω)1/2.12 τRouse values obtained using this approach
are provided in Table 1. Values of the Rouse relaxation time
τR calculated from η0 using the method of Menezes and

Table 1. Physical Properties of PS/DEP Solutions Used in This Study

solution Mh w × 106 PI φ GN (Pa) τe (s) τRouse (s) η0 (Pa‚s) τd0 (s)

PS3.8M8% 3.84 1.04 0.077 550 3.2 × 10-4 0.18 6.9 × 10-2 2.9
PS5.4M6% 5.48 1.15 0.058 297 4.8 × 10-4 0.19 5.1 × 10-2 7.3
PS8.4M6% 8.42 1.2 0.067 375 3.6 × 10-4 0.49 2.4 × 10-3 24.1
PS20M6% 20.1 1.2 0.064 340 4.1 × 10-4 0.92 2.9 × 10-4 363.2

Figure 1. (a) Dynamic storage G′(ω) (filled symbols) and loss
moduli G′′(ω) for PS8.4M6%. Measurements were performed
over a broad range of temperature, -40 °C e T e 28.5 °C,
and the results shifted to 28.5 °C using time-temperature
superposition. (b) Dynamic storage G′(ω) (filled symbols) and
loss moduli G′′(ω) for PS8.4M6% at 28.5 °C with the high-
frequency solvent and segmental contributions removed. The
frequency scalings now apparent at high frequency, G′(ω) ∼
G′′(ω) ∼ ω1/2, are consistent with Rouse dynamics of polymer
molecules in solution.
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Graessley13 are provided in Table 2. Considering the uncer-
tainties in the data required to calculate τRouse by either
method, the agreement between τRouse and τR values may be
considered very good for all materials used in the study. This
conclusion disagrees with findings reported in ref 14, where
significant differences in τRouse were found using the two
procedures. We suspect that the small magnitudes and narrow
range of τRouse values of the systems studied here may obscure
differences in τRouse values obtained using the two methods.

Step shear measurements were performed at 28.5 °C using
the MCR equipped with 50 mm diameter cone-and-plate
fixtures. As in the earlier work,10 a single layer of 10-30 µm
silica glass beads was attached to each fixture to minimize
interfacial slip. Step shear measurements were also repeated
at multiple cone angles, 1°, 2°, 3°, and 5°, to independently
evaluate the effectiveness of the bead-grafting technique for

reducing slip. Other details of the step shear measurements
are the same as reported in ref 10.

3. Results and Discussion

3.1. Experiment. Nonlinear shear relaxation moduli
(G(t,γ) ≡ σ(t,γ)/γ for PS8.4M6%, N/Ne(φ) ) 13) are
provided in Figure 3a. These measurements were
performed using 1°, 50 mm diameter cone-and-plate
fixtures grafted with silica beads. The experimental
results are presented at several shear strains. At times
t > 10 s, G(t,γ) curves are visibly parallel to each other
for all shear strains studied. This feature of the results
is a well-known signature of the fact that G(t > 10 s, γ)
can be factorized into separate time-dependent G(t) and
strain-dependent h(γ) functions. Figure 3b depicts the
shifted nonlinear relaxation modulus G(t,γ) h(γ)-1 for
PS8.4M6% over the same range of shear strain. These
results show that the long-time G(t,γ) curves at variable
shear strain γ are never exactly parallel but that at
times beyond a characteristic separability time, λk2 ≈
33 s, G(t,γ) is approximately parallel at all strains. This
indicates that time strain factorability is only ap-
proximate in this materialsa trait that is shared with
most entangled solutions of high molar mass polysty-
renes in diethyl phthalate.8,10

The separability time λk2 for PS8.4M6% is evidently
almost 50 times its longest Rouse relaxation time. λk2
is however of similar magnitude to the terminal relax-
ation time τd0 of this solution, λk2 ≈ 1.4τd0. Both features
of the separability time of PS8.4M6% are shared by the
more highly entangled PS20M6% (N/Ne(φ) ) 31, λk2 ≈
0.78τd0 ≈ 300τRouse) solution and somewhat less by
PS5.4M6% (N/Ne(φ) ) 8, λk2 ≈ 0.29τd0 ≈ 11τRouse). The
corresponding G(t,γ) h(γ)-1 data for the least entangled
polymer solution, PS3.8M8% (N/Ne(φ) ) 6), are pre-
sented in Figure 4. In this case, G(t,γ) is seen to be
factorable over a much broader time range. The sepa-
rability time λk2 ≈ 1.3 s is still substantially larger than
the longest Rouse relaxation time, λk2 ≈ 7.2τRouse ≈
0.44τd0, but the relationship between the two time scales
is in better agreement with recent data from the
literature.10,14,15 Thus, although the experimental re-
sults do show an overall stronger alignment of the
separability time with the terminal time τd0, the sepa-
rability time approaches τRouse as the entanglement
density of PS/DEP solutions is lowered. This feature of
the data is consistent with earlier observations for
PS20M/DEP solutions.10

As discussed in the previous study, factorability can
also be determined from the apparent damping function
h(γ,t) ≡ G(t,γ)/G(γ f 0, t). In this case the time required
for h(γ,t) to achieve its long-time value is the separabil-
ity time. Figure 5a,b summarizes h(γ,t) for two of the
polymers studied. For the more highly entangled mate-
rial, PS8.4M6%, h(γ,t) approaches what appears to be
its final value in a time λk1 ≈ 3.5 s but then goes through
a shallow local minimum at longer times and never fully
achieves a constant value. The minimum is in fact
sufficiently shallow that on a coarse linear scale h(γ,t)
appears to reach a constant value at t ≈ λk1, which is
generally lower than the time λk2 required for G(t,γ) to
become truly factorable. The minimum in h(γ,t) is
observed at shear strains as low as 2.0 but becomes
sharper as shear strain increases. This indicates that
it is a feature of the materials nonlinear response. h(γ,t)
from over 20 different PS/DEP solutions also indicate
that the size of the minimum is a function of polymer

Figure 2. (a) Dynamic storage G′(ω) (filled symbols) and loss
moduli G′′(ω) for PS3.8M8%. Measurements were performed
over a broad range of temperature, -40 °C e T e 28.5 °C,
and the results shifted to 28.5 °C using time-temperature
superposition. (b) Same as (a) but with the high-frequency
solvent and segmental contributions removed. Again, at high
frequencies storage and loss moduli display nearly perfect
Rouse frequency scalings G′(ω) ∼ G′′(ω) ∼ ω1/2.

Table 2. Experimental and Theoretical Separability
Times for PS/DEP Solutions

solution λk1(s) λk2 (s) λk1;T (s) λk2;T (s) τR (s)

PS3.8M8% 1.2 1.3 0.9 2.9 0.23
PS5.4M6% 1.6 2.1 1.0 4.6 0.22
PS8.4M6% 4.9 33.4 2.2 22.5 0.44
PS20M6% 12 281.4 6.9 400 1.06

10218 Archer and Sanchez-Reyes Macromolecules, Vol. 35, No. 27, 2002



entanglement density. Specifically, for moderately en-
tangled solutions, such as PS3.8M8%, the minimum is
virtually nonexistent (see Figure 5b), while for more
highly entangled materials such as PS20M6%, it is quite
prominent (see ref 10). Furthermore, the presence of a

local minimum in h(γ,t) appears to coincide with the
appearance of complicated transients in G(t,γ) h(γ)-1

discussed previously, and with separability times λk2
that are equal to or larger than the terminal relaxation
time τd0. The physical processes that produce the
minimum are therefore very likely the source of delayed
factorability in well-entangled PS/DEP solutions.

The fact that h(γ,t) does not converge to a constant
long-time value may be rigorously interpreted as evi-
dence for weak nonfactorable behavior. A perhaps
obvious concern is whether this behavior arises from
measurement artifacts such as wall slip. To address this
concern, Figure 5a presents h(γ,t) data for the lowest
(R ) 1°: open symbols) and highest (R ) 5°: filled
symbols) cone angles. As discussed earlier, the shearing
surfaces of both cone and plate were roughened using
grafted beads to reduce wall slip errors. Although small
differences in h(γ,t) are evident, very little change in
the size of the minimum is observed for a nearly 5-fold
increase in the gap, indicating that errors due to
interfacial slip cannot account for the behavior observed.

Relationships between λk1, λk2, and τd0 for the PS/DEP
solutions investigated in this and the previous study10

are explored in Figure 6. The effect of polymer volume
fraction and molecular weight, φMh w, on separability and
terminal times are also summarized in this figure. It is
evident from the figure that for the entire set of
materials studied, λk2 is rather strongly aligned with
τd0 for solutions with φMh w > 5 × 105 g/mol. In fact, even
the effect of φMh w on λk2, λk2 ∼ (φMh w)3, is consistent with
expectations for τd0.11 On the other hand, the observed
scaling λk1 ∼ (φMh w)1.5 is not too different from the
expected result for a relaxation process dominated by
Rouse retraction with a contribution from a concentra-
tion-dependent monomeric friction coefficient. It is also
apparent from Figure 6 that, for materials with φMh w e
5 × 105 g/mol and (N/Ne(φ) e 8), λk1 and λk2 are similar
in magnitude. On the basis of these results, it can be

Figure 3. (a) Nonlinear shear relaxation modulus G(t,γ) for
PS8.4M6% at 28.5 °C. Measurements were performed using
50 mm diameter cone-and-plate fixtures roughened by attach-
ment of a layer of 10-30 µm diameter glass beads. Shear
strains γ ranging from 0.4 to 15.0 were used for these
measurements. Strain increases from top to bottom in this
figure. (b) Shifted nonlinear shear relaxation moduli G(t,γ)
h(γ)-1 for PS8.4M6% at 28.5 °C. The arrow in the figure locates
the time λk2 beyond which nonlinear shear relaxation moduli
G(t,γ) can be factorized (approximately) into separate strain-
dependent, h(γ), and time-dependent, G(t), functions.

Figure 4. Shifted nonlinear shear relaxation moduli G(t,γ)
h(γ)-1 for PS3.8M8% at 28.5 °C. Shear strains γ ranging from
0.4 to 15.0 were used for these measurements.The arrow in
the figure locates the separability time λk2.
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concluded that a Rouse mechanism for polymer chain
stretch relaxation and/or tube reorganization is consis-
tent with experimental observations only for moderately
entangled PS/DEP solutions. In more entangled solu-
tions, a second process becomes important. Molecular
scale physics that can produce this process are discussed
further in section 3.2.

Figure 7a presents short-time (t ≈ 0.25 s) and long-
time (t g λk2) step shear damping functions h(γ) for
PS8.4M6% measured using cone-and-plate fixtures with
a wide range of cone angles R. The continuous line in
the figure is the prediction hDE-IA provided by the Doi-
Edwards theory, with the independent alignment ap-
proximation. Broken lines are the short-time and long-
time damping functions predicted using the analysis
developed in section 3.2. Considering the extremely good
correspondence of h(γ) over the range of cone angles
studied, interfacial slip errors are again seen to be
insignificant in these experiments. It is also clear that
the damping function at long times is well described by
both theories, except perhaps at low shear strains where
small negative deviations are apparent. The short-time
damping function agrees quite well with predictions
provided by the theory in section 3.2. Similar results
were observed for all polymers used in the study. Data

for PS3.8M8% are, for example, provided in Figure 7b.
The open symbols represent the long-time damping
function, while the closed symbols are the results for t
) 0.1 s ≈ 0.5τRouse, which is about 3-4 times the time
required to achieve the target step strain for this
material. Again the long-time data are in good accord
with hDE-IA as well as with predictions provided by eqs
2 and 5 (see section 3b). The short-time damping
function predicted by eqs 2 and 5 is also seen to be in
excellent accord with the experimental observation over
the range of shear strains studied.

3.2. Theory. Mhetar and Archer proposed a mecha-
nism for chain stretching and entanglement relaxation
dynamics that accommodates processes other than the
usual Rouse retraction dynamics.4 In this section we will
formulate a simple, closed-form equation for stress
relaxation in entangled polymers that includes such
processes. As in previous work, our objective here is not
constitutive equation development, but rather to deter-
mine what physics is needed to reproduce salient
features of polymer dynamics seen experimentally.
Specifically, we wish to determine whether the transi-
tion from Rouse stretch relaxation in moderately en-
tangled solutions to coupled stretch and orientation
relaxation dynamics in more entangled materials can
be explained in terms of the partial retraction and
disentanglement/reentanglement processes envisaged
by Mhetar and Archer.4

Our starting point is the tube model expression for
stress on time scale t > τe

where τe is the Rouse relaxation time of polymer
segments between entanglement points, c is the number
density of chain segments, LT is the occupied tube
length, DB ) xNeb is the blob or equilibrated tube
diameter, and 〈uiuj〉 ) Sij is the second moment tensor
of polymer segment orientation vectors. We will use a
differential equation proposed by Archer and Mhetar

Figure 5. (a) Apparent step shear damping function h(γ,t)
for PS8.4M6% at 28.5 °C. The arrow locates the time λk1 at
which h(γ,t) appears to become independent of time (i.e., when
h(γ,t) is plotted on a linear scale). (b) Same as for (a), but for
PS3.8M8%.

Figure 6. Effect of PS volume fraction φ and molecular weight
Mh w, φMh w, on the terminal time τd0, separability time λk2, and
apparent separability time λk1 of PS/DEP solutions. Data in
the figure are for solutions used in this and the previous part
of the study.10 The best-fit straight lines through the data
support the following relations: τd0 ∼ λk2 ∼ (φMh w)3 and λk1 ∼
(φMh w)1.5.

σij ) c〈FTLTuiuj〉 ≈ 3kTc(LT/DB)〈uiuj〉
2,16 (1)
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to describe the evolution of Sij in shear flow17

Here κ is the velocity gradient tensor, and D is the
symmetric part of the velocity gradient tensor. τd0 ≈
τmN2(N/Ne)1+x is the orientation relaxation time, where
x ≈ 0.5. Predictions of eq 2 for polymer rheology in
various shear and extensional flows have been studied
in some detail in ref 17. These predictions are generally
intermediate between those obtained using the exact

Doi-Edwards integral constitutive equation and the
Doi-Edwards equation with the independent alignment
approximation.17 If LT and DB are taken to be constants,
the solution of eqs 1 and 2 for the shear stress in a step
shear deformation is

The step shear damping function follows from eq 3:

Generally, neither LT nor DB is constant during stress
relaxation following step shear. In an earlier article it
was in fact shown that the evolution of LT/DB can be
described in terms of an evolution equation for the
entanglement density per chain:16

Here, Ne0 is the entanglement spacing at equilibrium,
λ is the effective deformation experienced by tube
segments, and τCR ) AN2(N/Ñe)2+xτm is the constraint
release or tube renewal time.19,18 A is a constant of order
2/9,18 x is of the order 0.5,19 τm is the segmental
relaxation time, and N/Ñe is the average entanglement
density of polymer chains following retraction.

The second term in eq 5 accounts for entanglement
loss during Rouse retraction. This term also captures
the fact that the equilibrium contour length of an
affinely deformed test molecule is not completely re-
stored by Rouse retraction.4 The last term in eq 5
describes the restoration of entanglements following
retraction. Although the process by which polymer
chains reentangle is presently unknown, a fair estimate
of the time required for a molecule to fully recover its
equilibrium entanglement density is τCR, the tube
renewal time. Because N/Ñe decreases with increasing
strain,4 the initial reentanglement rate is faster at high
shear strains. N/Ñe increases with time as chain en-
tanglements are restored, so the reentanglement rate
decreases with time at all shear strains. To produce a
closed formula for LT/DB that captures these two effects,
we here approximate Ñe using the postretraction ex-
pression for polymer entanglement spacing derived
elsewhere.4 Substituting for Ñe in the formula for τCR
and rearranging yields

with λ ) [1 + (4/15)γ2]1/2. Equation 6 can now be
inserted into eq 5 to provide our final evolution formula
for LT/DB. This equation can be solved along with eq 2
and the results substituted in eq 1 to yield any compo-
nent of the polymer stress tensor following nonlinear
step shear.

Figure 8a,b summarizes G(t,γ) and G(t,γ) h(γ)-1

predictions of eqs 2 and 5 for PS8.4M6% (i.e., using
N/Ne0 ) 13, τd0 ) 2.41 s, τRouse ) 0.49 s, and GN ) 375
Pa), for the same set of shear strains in Figure 3a,b.
The corresponding short-time and long-time damping
functions predicted by the theory have already been

Figure 7. (a) Long-time (t > λk2) and short-time (t ) 0.25 s)
shear damping function h(γ) for PS8.4M6% measured using
cone-and-plate fixtures with four different gap angles R. All
shear fixtures were roughened using 10-30 µm glass beads
to minimize wall slip. Continuous line through the data is the
damping function predicted by the Doi-Edwards theory with
the independent alignment approximation.2 The broken line
is the short-time (t ≈ τRouse) prediction of eqs 2 and 5 (see
section 3.2). Dots represent the damping function h(γ) ) (1 +
4/15γ2)-1 predicted of eqs 2 and 5 at times t g λk2;T. (b) Same as
(a), except data are for PS3.8M8%, and the results are for a
single cone angle R ) 5°.

∂Sij

∂t
+ 1

τd0
(Sij - Sij,0) - Simκmj - κinSnj +

1
3
(SijSmn + SimSnj + SinSmj)Dmn ) 0 (2)

σxy(γ,t) ) γG(γ,t) )
γ

1 + (4/15)γ2
15
4

GN exp[-t/τd0] (3)

h(γ) ) 1
1 + (4/15)γ2

(4)

LT/DB ) (N/Ne0)(1 + [λ - λ-1/2] exp{-τ/τRouse} +

[λ-1/2 - 1] exp{-t/τCR}) (5)

τCR ≈ 2
9
N2( N

Ne0
)2+0.5

λ1.25τm ≈ 2
9( N

Ne0
)λ1.25τd0 (6)
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compared with experimental data in Figure 7a. Some
features of the experimental results are clearly missing
from the theoretical predictions. The theoretical G(t,γ),
for example, suggests that very little relaxation occurs
between τd0 and τRouse, but the equivalent experimental
results (Figure 3a) manifest quite a bit of relaxation on
intermediate time scales. This difference can be nar-
rowed by considering a spectrum of relaxation events
in the analysis. The curvatures of the experimental and
theoretical G(t,γ) h(γ)-1 data at high strains and early
times are also clearly different. We suspect that this
discrepancy also arises from omission of contributions
from faster Rouse and/or contour length fluctuation
modes to the material’s relaxation spectrum.

Many features of the experimental results are none-
theless captured quite well by the analysis. For example,
the inflection in G(t,γ) at t ≈ 2τRouse is observed in both
the experimental and theoretical plots. The complicated
transients in G(t,γ) h(γ)-1 seen in the experimental data
prior to time strain factorability is also reproduced by
the theory. The separability time is correctly predicted
to be substantially larger than τRouse. Furthermore, the
average τk2 values determined from experiment and
from the theoretical predictions are of the correct
magnitude (see Table 2). Finally, the theoretical and
experimental step shear damping functions at short
times (t ) 0.5τRouse) as well as at long times (t g τk2)
following imposition of step shear are in good to excel-
lent accord (see Figure 7a). Thus, eqs 2 and 5 capture
most features of the step shear response of PS8.4M6%.

G(t,γ) h(γ)-1 predictions for PS3.8M8% are provided
in Figure 9 for the same range of shear strains studied
experimentally (see Figure 4). It is immediately appar-
ent from the plot that the short-time complex crossing
of G(t,γ) h(γ)-1 curves at high and low shear strains
observed for PS8.4M6% are noticeably reduced, in
agreement with the experimental results. The crossing
behavior is predicted to completely disappear for ma-
terials with N/Ne0 e 4, which is lower than observed
experimentally. However, this prediction depends on the
values of A and x used in τCR. These values are currently
not known with sufficient precision to rule out a
moderately higher threshold for onset of the complex
short-time G(t,γ) h(γ)-1 behavior. The theoretical sepa-
rability time λk2 ) 16τRouse is larger than observed
experimentally, but the ratio λk2/τRouse is noticeably
smaller than for PS8.4M6%, which is also consistent
with observations from experiments. Experimental and
theoretical damping functions for PS3.8M8% are com-
pared in Figure 7b. Again, both the short-time and long-
time damping behavior observed experimentally are
clearly captured by this theory.

Perhaps the most unusual observation in the response
of entangled PS/DEP solutions to large-amplitude step
strain is that the apparent shear damping function
h(γ,t) displays a shallow local minimum at a time of
order 5-15 times τRouse. This behavior cannot be repro-
duced using molecular constitutive theories that only

Figure 8. (a) G(t,γ) predicted by eqs 2 and 5 for PS8.4M6%.
Strain increases from top to bottom in the figure. (b) G(t,γ)
h(γ)-1 predicted by eqs 2 and 5 for PS8.4M6%. The arrow
locates the theoretical separability time λk2;T.

Figure 9. G(t,γ) h(γ)-1 predicted by eqs 2 and 5 for PS3.8M8%.
The arrow locates the theoretical separability time λk2;T.
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account for stretch and orientation relaxation processes
following step shear, because the minimum implies
stress growth with time. A mechanism wherein en-
tangled polymers respond to step strain by initially
losing entanglements with their neighbors and then
slowly regaining these entanglements can in principle
explain the observed behavior. Such a mechanism is
captured by eq 5. Theoretical predictions of h(γ,t) for
PS8.4M6% and PS3.8M8% are provided in Figure 10a,b.
It is evident from these plots that the theory correctly
captures the minimum for PS8.4M6%, as well as the
near absence of one for PS3.8M8%. The apparent
separability time λk1;T, i.e., the time at which h(γ,t)
appears to become constant on a linear scale, is also
correctly predicted to be of order 5τRouse for both materi-
als (see Table 2). Similar h(γ,t) features are predicted
for the other two polymers studied; λk1;T values for these
materials are also provided in Table 2. Considering the
uncertainty in determining λk1, the agreement between
theoretical predictions and experimental results is quite
good. The shapes of the theoretical h(γ,t) minima are
nonetheless somewhat different from the experimental
observations. Specifically, the theoretical minima are
narrower and better defined that those seen experimen-
tally. This discrepancy can be traced to uncertainty in

the values of A and x used in the analysis and to the
narrowness of the relaxation spectrum considered in the
theory.

4. Conclusions

Stress relaxation dynamics of entangled solutions of
high molar mass polystyrenes in diethyl phthalate were
investigated in nonlinear step shear flows using me-
chanical rheometry experiments and theory. Experi-
ments were performed using several large-diameter (50
mm) cone-and-plate measurement fixtures, cone angles
R in the range 1° e R e 5°, that were roughened by
attachment of a single layer of 10-30 µm silica glass
beads to the cone-and-plate surfaces. These fixtures
facilitate measurements of nonlinear shear relaxation
moduli G(t,γ) ≡ σxy(γ,t)/γ that are uncorrupted by wall
slip errors. G(t,γ) data obtained using these procedures
are of unprecedented accuracy, particularly at long
times. A simple theory for stress relaxation dynamics
in entangled polymers that accounts for coupled relax-
ation of molecular orientation, chain stretching, and
polymer entanglement density in step shear was also
developed and used to analyze experimental results.

The main findings of the study can be summarized
as follows: (i) In entangled polymers G(t,γ) can be
factorized into separate strain-dependent and time-
dependent functions only after a time λk2 substantially
larger than the longest Rouse relaxation time τRouse of
the solution. For polymer solutions with φMh w g 5 × 105

and N/Ne(φ) g 8, λk2 varies with polymer volume fraction
φ and molecular weight Mh w in the same manner as the
terminal or disengagement time τd0, λk2 ≈ τd0 ∼ (φMh w)3.
These findings are consistent with results reported in
previous studies8,10 but disagree with predictions of most
current molecular theories for entangled polymers. We
find, however, that a theory for stress relaxation based
on partial recovery of polymer contour length on time
scales of order τRouse, followed by slower coupled en-
tanglement and tube stretch relaxation processes on
time scales of order the constraint release relaxation
time, correctly reproduces the experimental observation.
(ii) For PS/DEP solutions with φMh w < 5 × 105 and N/Ne-
(φ) e 6, separability is observed after a time λk1 of order
5-10 times τRouse. The effects of polymer volume fraction
φ and molecular weight Mh w on the separability time,
λk1 ∼ (φMh w)3/2, are also in fair accord with expectations
for factorability based on a Rouse stretch relaxation
mechanism. The transition from simple Rouse stretch
relaxation processes to the more complex two-step chain
stretch/entanglement relaxation mechanism described
in (i) is also consistent with expectations from the theory
for stress relaxation described in the article. (iii) The
apparent shear damping function h(γ,t) in well-en-
tangled polymers displays an unusual local minimum
at times of order λk1. As the entanglement density
increases above eight, this feature becomes more notice-
able and appears to be the origin of the much longer
separability times in PS/DEP solutions with φMh w g 5
× 105. A local minimum in h(γ,t) following step strain
requires a mechanism of stress growth during relax-
ation. This behavior therefore cannot be explained by
molecular theories that only account for polymer chain
stretching and orientation relaxation processes following
nonlinear step strain. A theory based on the idea that
during retraction polymer chains lose entanglements,
which are regained by slow reentanglement processes
on time scales of order the tube reconstruction or

Figure 10. (a) Apparent step shear damping function h(γ,t)
for PS8.4M6% predicted by eqs 2 and 5. The arrow locates the
apparent separability time λk1;T. (b) Same as for (a), but for
PS3.8M8%.
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constraint release time, predicts h(γ,t) features similar
to those observed experimentally. We therefore conclude
that polymer disentanglement/reentanglement dynam-
ics in nonlinear step shear is the source of delayed
factorability in well-entangled polymer solutions.
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